Math 113 Fall 09 Exam 1 Key
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10. We can use the half angle identity:
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We use integration by parts: Let u = e
and dv = costdt. Then, du = e' dt and
v =sint. Thus,

/etcostdt: etsint—/etsintdt.

We use integration by parts again. Let
uw = e and dv = sintdt. Then, du =
e'dt and v = —cost. The above be-
comes

/et costdt = e’ sin t+et cost—/ el cost dt.

By moving the integral on the right to
the left hand side, we have

2/etcostdt: elsint + et cost + C

or

1 1
/etcostdt = ietsint 4 iet cost + C.

There are a number of ways to do this
problem correctly, depending on where
you set the origin. In the derivation be-
low, I will assume y = 0 at the bottom of
the cone, and that y = 10 at the top. At
a height y, I need to know the cross sec-
tional area of the cone. Since the cross
sectional radius is 0 at the bottom and 4
at the top, the cross sectional radius at
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height y is r = gy. ( You can find this
by similar triangles or by finding the lin-
ear function from (0,0) to (10,4).) The
water at height y needs to travel a dis-
tance of 10 — y to get to the top of the
tank. Since there is only 8 feet of wa-
ter in the tank, we integrate from 0 to 8.
The integral is therefore
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We can separate this question into a
question about the bucket and a ques-
tion about the water.

First, since the bucket weighs 4 1b and is
lifted 80 feet, the work is 4 x 80 = 320
ft-1bs.

Second, since the water is leaking out,
we have a variable force. At y =0 (bot-
tom of the well), the force is F' = 40.
At y = 80, the force is F' = 32. Since
the water is leaking out at a constant
rate, we can assume the force function
is linear. The slope is (32 — 40)/(80 —
0) = —1/10. Thus, the force function is

1
F(y) = —10Y + 40. The work done in

lifting the water is

8 1 1
0— —y+40dy = ——y° + 40y’
/0 oY T40dy = —55y" + 40yl

1
= —%6400 + 40 - 80 = 2880 ft — lbs
Thus the total work is 3200 ft-1bs.



